Quantum coherence has received significant attention in recent years, but its study is mostly conducted in single party settings. In this paper, we generalize important results in multipartite entanglement theory to their counterparts in quantum coherence theory. First, we give a necessary and sufficient condition for when two pure multipartite states are equivalent under local quantum incoherent operations and classical communication (LICC), i.e., two states can be deterministically transformed to each other under LICC operations. Next, we investigate and give the conditions in which such a transformation succeeds only stochastically. Lastly, we introduce two coherence monotones: accessible coherence and source coherence, following the logistics given in [Phys. Rev. Lett. 115, 150502 (2015)]. These coherence monotones have a straightforward operational interpretation, namely, the accessible coherence characterizes the proficiency of a state to generate other states via quantum incoherent operations, while the source coherence characterizes the set of states that can be reached via quantum incoherent operations acting on the given state of interest.
INTRODUCTION
Quantum resource theory provides a rigorous structure for characterizing the resources in quantum systems. It is an important tool for understanding quantum information and quantum computation [1] [2] [3] [4] . This formulation of resource theories was initially used for the resource theory of entanglement, and later in the development of other quantum resource theories [5] [6] [7] , which led to many fruitful results for both the recognition of physical resource and the development of applications [8] . All quantum resource theories have two basic elements in common: (1) free states and (2) free operations. In the resource theory of entanglement, for example, free states are the states without entanglement (separable states), and free operations are local operations and class communications (LOCC). In the LOCC protocol, several parties share a state in a composite system but are spatially separated from each other. The parties are allowed to communicate through a classical noisy channel and only act locally on their subsystems.
In this paper, we will focus on the resource theory of coherence. Coherence as a resource originates from the "superposition" of quantum states, and plays a central role in interference phenomena in quantum physics and quantum information science [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Free states in a fixed basis {|i } in the coherence theory are those states which are diagonal in the fixed basis, which we call incoherent states. The definition of free operations for the resource theory of coherence is not unique due to practical implications. We refer to the following alternative choices of free operations as two classes in this paper: (1) free operations for single party settings, such as physically incoherent operations (PIO) [20] , strictly incoherent operations (SIO) [19] , and incoherent operations (IC) [9] , and (2) free operations for multipartite settings, such as local quantum strictly incoherent operations and class communications (LSICC), where distant parties perform IC operators locally, and local incoherence operations and class communications (LICC), where distant parties perform SIO operators locally [5] .
To better understand the resource theory of coherence, it is important to understand the structure of states. Little research has been conducted to date in a multipartite setting. One method of understanding the multipartite coherence is to classify multipartite states under local incoherent operations and class communications, even in a stochastic setting. Local operations acting on multipartite states lead to natural ways of defining equivalent relations in the set of resources, as well as establishing hierarchies between the resulting classes. States in different classes can not convert into each other; for example, in the resource theory of entanglement, GHZ states and W states exist in two different classes via stochastic local operations and class communications (SLOCC), which reveals the existence of two inequivalent kinds of genuine tripartite entanglement [21] . In the resource theory of coherence, we also consider the following interesting property: if one of the three qubits in W state is lost, the state of the remaining two-qubit system is still coherent, whereas the GHZ state, which is incoherent after the loss of one qubit. Thus, a natural issue that arises in multipartite coherence is whether classes of states other than multipartite entanglement exist that cannot convert into each other. Moreover, is it possibility that there is some classes of states in multipartite entanglement can convert into each other, while, they cannot convert into each other in multipartite coherence? We address this question in this paper by focusing on the equivalent class of pure multipartite states via LICC and SLICC operations. First, a necessary and sufficient condition for pure multipartite state transformations via LICC is presented. Second, we definition a condition in which we consider this transformation succeeds only stochastically. As an example, we investigate a two-qubit SLICC equivalent class, showing that equivalent classes of bipartite coherence under SLICC are more complex than equivalent classes of bipartite entanglement under SLOCC, even in the two-qubit case.
Pairs of multipartite states exist that cannot be transformed into each other via LICC, and many of coherence measures [5] do not have an interpretation in the context of the LICC paradigm. The aim in quantifying coherence should be to identify new operational coherence measures for investigating possible LICC transformations between multipartite states. Inspired by similar concepts previously investigated for entanglement [22] , we introduce two coherence monotones: accessible coherence and source coherence. Accessible coherence refers to the proficiency of a state to generate other states via free operations, and the source coherence denotes that the set of a state of interest can be obtained via free operations. Both coherence monotones can also be used for singlequbit and multipartite state cases and can be applied for other free operations, such as incoherence operations (IC), local incoherence operations and class communications (LICC). For single-qubit states achieved via PIO, SIO and IC, we obtain explicit formulas of accessible coherence and source coherence. We analyze pure (or mixed) states via IC and derive explicit formulas for the source coherence. These two new coherence monotones also have a geometric interpretation. We additionally show how accessible coherence can be computed numerically and provide examples.
INEQUIVALENT CLASSES OF MULTIPARTITE COHERENCE STATES
In this section, we will explore inequivalent classes of multipartite coherence states. First, we will give a necessary and sufficient condition for when two multipartite coherence states can be interconverted with certainty under local incoherent operations and classical communication (LICC). We then study the interconversion of multipartite coherence states which only succeeds with a strictly positive probability. This allows us to define inequivalent classes of multipartite coherence states. The discussion in this section closely follows the inequivalent classes of multipartite entanglement states in [21, 23] .
We start with the following lemma showing that the number of product terms of a multipartite coherent pure state is an SLICC monotone. Note that the number of product terms has been shown by other authors to be IC monotone [19, 26] . We extend this idea and show that the number of product terms is also an SLICC monotone for multipartite coherence. We say that two pure states |ψ and |φ are O equivalent if they can be transformed into each other by means of operations in the set O.
Lemma 1 (LICC and SLICC monotone). The number of non-zero product terms in the fixed basis does not increase under LICC (resp. SLICC).
The proof can be found in Supplemental Material 2. Remark The number of product terms in the fixed basis is similar to Schmidt rank in the resource theory of entanglement, but they do not play the same roles. Schmidt rank, being an entanglement monotone under SLOCC, can be used to classify the structures of entanglement, and this classification is complete for bipartite settings. In other words, two pure entangled states are SLOCC equivalent iff they have the same Schmidt rank. However, the number of product terms alone, despite being an SLICC monotone, is not sufficient to classify all the structures of multipartite pure coherent states. Example 2 below shows that two pure states can be SLICC inequivalent even though they have the same number of product terms.
Our first main result is the following, which originates from its entanglement counterpart in [23 The proof can be found in Supplemental Material 3. It is also possible that two multipartite pure states |ψ and |φ cannot always succeed with certainty in interconverting through operations in the class O, i.e., such a transformation may only succeed stochastically. This allows the structure of multipartite coherence states to be understood operationally (similar to that of multipartite entangled states): if two multipartite pure states |ψ and |φ cannot be transformed to each other with non-zero probability, they must each belong to different types of multipartite coherence structures.
In the remainder of this section, we will focus on SLICC. Next we give our main result: The proof can be found in Supplemental Material 4. To conclude this section, we use an example to demonstrate that the N-partite coherence states are already more versatile than entanglement when N 2. Example [Characterization of two-qubit coherence states] Consider a two-qubit system with the fixed basis {|00 , |01 , |10 , |11 }. Our classification is based on the number of product terms R in a two-qubit pure state since this number will not be altered by invertible SIO operators. The following table lists all inequivalent classes of two-qubit states.
The detailed analysis can be found in Supplemental Material 5.
From the example above, we can see SLICC equivalent class of |ψ a |00 + b |01 + c |10 + d |11 can form an one-parameter family of states. The proof can be found in Supplemental Material 6.
Remark In entanglement theory, the degree of entanglement can be measured by concurrence C E [27] . If we write |ψ
2|ad − bc| [27] . Suppose that |ψ and |φ are SLOCC equivalent, then there exist local invertible operators A and B, such that |φ A ⊗ B |ψ [21] . Consequently, C E (|φ ) det(A)det(B)C E (|ψ ). There are only two SLOCC equivalent classes: C E (|ψ ) 0 and C E (|ψ ) 0. Equivalently, the classification depends on either ad bc or ad bc. The classification of SLICC is different from the classification of SLOCC in entanglement theory. As shown in the two-qubit case, SLICC classification depends both on the number of product terms and the number ∇ 
NEW OPERATIONAL COHERENCE MONOTONES: ACCESSIBLE COHERENCE AND SOURCE COHERENCE
In this section, we will recall the framework for quantifying the resource of coherence theory and then introduce two new operational coherence monotones: accessible coherence and source coherence. Our idea comes from Schwaiger et al. [22] and Sauerwein et al. [28] , in which the authors studied similar entanglement measures: accessible entanglement and source entanglement.
Baumgratz et al. [9] proposed a seminal framework for quantifying coherence as a resource. For a fixed basis {|i }, a functional C can be taken as a coherence measure if it satisfies the following four conditions:
(B1) C(ρ) ≥ 0 for all quantum states, and C(ρ) 0 if ρ ∈ I, where I is the set of incoherence states which are diagonal in basis {|i };
(B2) C(ρ) ≥ C(Φ(ρ)) for all free operations Φ;
Similar to entanglement, the function C is a coherence monotone if it satisfies condition (B1) and (B2). The operational meaning is clear:
Accessible coherence and Source coherence
, then the state ρ could potentially be more useful than ρ ′ in quantum information-processing appli-
is too small, then not many states is useful than the state ρ for any potential applications, i.e, ρ is very useful than many other states in applying for the resource of coherence. We can then define the accessible coherence and the source coherence as follows:
and
where
) denotes the maximal accessible (source) volume according to the measure µ.
We will now show that both accessible coherence and source coherence are coherence monotones.
Theorem 5. Both accessible coherence and source coherence satisfy the conditions (B1) and (B2), thus they are coherence monotones.
The proof can be found in Supplemental Material 7. Remark Just as the case in entanglement theory [22, 28] , we would also be interested in the transformations between specific class of coherent states (e.g., the pure states transformation), and the specific volumes V obtained. Thus, in this sense, the proficiency of a pure state to generate other pure states characterizes its accessible coherence.
In the following, we will derive explicit formulas for source coherence of pure states transforms via O ∈ {LSICC, LICC}. We consider representatives of LIU classes. To obtain the source coherence, we have: Theorem 6. The source coherence of a bipartite state |φ
where O ∈ {LSICC, LICC}.
The proof can be found in Supplemental Material 9. Note that, for a state |ψ i √ λ i |i and its "max-
. This implies that both accessible coherence and source coherence are the same for those two states. Example [LICC and LSICC transformations of qitritqutrit pure states]
Consider the following two pure states |ψ
Observe that |φ can be represented as a point in the x-y plane, where the x-axis represents the basis |00 and the y-axis represents the basis vector |01 . Similarly, |φ can be represented as a point in the x-z plane, where, in addition, the z-axis represents the basis vector |11 . The accessible volume and the source volume are depicted. Meanwhile, the source set (cyan), M s (|φ ), and the accessible set (magenta), M a (|φ ), of the state |φ are depicted. Here, the x-axis represents the basis vectors |00 , the y-axis represents the basis vectors |01 and the z-axis represents the basis vectors |11 . In the figure, |ψ
The source sets (accessible sets) are indeed difference between these two states.
where O ∈ {LSICC, LICC}. Thus, the accessible coherence and the source coherence are Figure 2 shows the accessible set and the source set are difference between |ψ and |φ .
CONCLUSION
In this paper, we studied multipartite coherence structures, and characterized the LICC and SLICC inequivalent classes. In contrast to SLOCC inequivalent classes in entanglement theory, the number of SLICC inequivalent classes of two-qubit pure states in coherence theory is already infinite. We also introduced two coherence monotones: accessible coherence and source coherence, attempting to quantifying the operational quality of multipartite coherence. These two new coherence monotones can be applied in many scenarios (such as PIO, IC, LICC, LSICC). We analyzed pure (or mixed) states via IC and derived explicit formulas for the source coherence. We also showed how the accessible coherence can be computed numerically and gave examples. We hope these operational monotones will assist with understanding general quantum resource theories.
Supplemental Material: Inequivalent Multipartite Coherence Classes and New Coherence Monotones

NOTATION AND PRELIMINARIES
We first introduce the necessary notation. We consider a
A general resource theory for a quantum system has two components: free states and free operations. In the resource theory of coherence, a free state σ (incoherent state) can be written as σ i σ i |i i| for a fixed basis {|i }. Variants of the free operations in the resource theory of coherence have been proposed. A completely positive and trace-preserving (CPTP) map Φ is said to be incoherent operations (IC), if its Kraus operators K n are of the form K n i c(i) | j(i) i| with | j(i) being a (possibly many-to-one) function from the index set of the basis onto itself, and coefficients c(i) satisfying n K † n K n I [9] . If every K n i c(i) |i π(i)|, where π(i) is a permutation, then the corresponding operation is a strictly incoherent operation (SIO) [19] . Lastly, the free operation is called a physically incoherent operation (PIO), if K n has the form K n U n P n , where {U n } are IU operators and {P n } form an orthogonal and complete set of incoherent projectors [20] . From their definitions, we have following inclusion: PIO ⊂ SIO ⊂ IC.
A fundamental class of operations in entanglement theory is Local Quantum Operations and Classical Communication (LOCC), since it allows an operational definition of "entanglement" [24] . For two bipartite entangled states |φ and |ψ , what is the necessary and sufficient condition for transforming |φ to |ψ using LOCC operations? Nielsen showed that this condition of entanglement transformation is related to the algebraic theory of ma jorization: i i| ρ |i |i i|, and for convenience, we denote ∆(|ψ ψ|) as ∆(ψ). In the multipartite setting, the class of Local Incoherent Operations and Classical Communication (LICC) can be defined accordingly when the local incoherent operations are IC operators [13, 14] . If the local operations are SIO operations, we call such protocols LSICC. It is easy to see the following inclusion: LSICC ⊂ LICC.
Chitambar and Hsieh [13] 
(S1) Lastly, we also consider LICC protocols that succeed in coherence states transformation only stochastically. Analogous to stochastic LOCC (SLOCC) in entanglement theory, we call these operations stochastic LICC operations and use the notation: SLICC.
PROOF OF LEMMA 1
Proof. Without loss of generality, consider a bipartite coherence pure state |ψ N,M i,t 1 ψ it |i ⊗ |t with the number of non-zero product terms in the fixed basis being N M. Then for any LICC (resp. SLICC) protocol with outcome k in the first round, the resulting state is |ψ ′ ≡ F (k) |ψ
It is clear that |ψ ′ can be expressed as a sum of product terms with no more than MN terms. Consequently, the number of non-zero product terms will not increase as the LICC (resp. SLICC) protocol continues.
PROOF OF THEOREM 2
Proof. It is clear that if |ψ and |φ are LIU equivalent, they are also LICC equivalent since LIU operations performed by each party constitute a special case of LICC protocols.
Next, suppose that two N-partite states |ψ and |φ are LICC equivalent, i.e., there exists an LICC protocol that converts |ψ to |φ , which consists of many rounds of local IC operations and communications between the parties. Suppose, without loss of generality, that Alice (A 1 ) performs the first local IC operation, yielding the ensemble E {p k , |ψ k }. Since the reduced state of the remaining parties is not changed by Alice's operation, we have
where ρ ψ A 2 ...A N Tr A 1 (|ψ ψ|). Note that, the average entropy is unchanged [23] :
. From the strict concavity of the von Neumann entropy [24] , it must hold that S(Tr A 1 (|ψ k ψ k |)) S(Tr A 1 (|ψ ψ|)), for every k, i.e.,
where U A 1 k is a unitary operation acting on Alice's system. Since, by assumption, Alice has to perform incoherent operations, then U A 1 k must be local incoherent unitary for all k. Alice can choose a label k with probability p k as her "measurement result" and performs the deterministic LIU operation U A 1 k on the state |ψ . Other parties' operations follow similarly so that deterministic LIU operations of the LICC protocol are sufficient to obtain the final the state |φ . Hence, we conclude that if |φ and |ψ are LICC equivalent, they are also LIU equivalent.
PROOF OF THEOREM 3
First, we have following lemma: Lemma 11. If E 0 is an IC measurement, then IC measurements E i can be constructed, such that i E i I.
Now, we give the proof of Theorem 3. Proof. If |φ A 1 ⊗ A 2 ⊗ · · · ⊗ A N |ψ holds with SIO (invertible IC) operators A k with k 1, 2, ..., N, then we can find an SLICC protocol for the parties to transform |ψ into |φ with a positive probability of success. Indeed, each party
is easy to check that after all parties have performed their corresponding measurements, the transformation from |ψ to |φ will succeed with probability p 1 p 2 · · · p N . The analysis also holds for |φ converting into |ψ by observing that |ψ A
|φ . Conversely, suppose that there is an SLICC protocol, consisting of IC measurements F (k) performed by the k-th party, such that |ψ is transformed into |φ . Then there must exist one branch of all possible protocol outcomes, say
x k , the corresponding IC operators A k are obtained as follows:
, |ψ (0) |ψ , and |ψ (N) |φ . In summary,
Lastly, A k must be full rank (hence revertible) since the number of non-zero product terms in |ψ and |φ must be equal, a consequence of Lemma 1.
DETAILED ANALYSIS OF EXAMPLE [CHARACTERIZATION OF TWO-QUBIT COHERENCE STATES]
From Lemma 1, we know that the classification is restricted by the number of product terms under SLICC, thus we list these potential equivalent classes based on the number of product terms. The classification of the number of product terms equal to 1 is trivial: every fixed basis |i j with i, j ∈ {0, 1} can be converted to each other via local SIO operators.
When the number of product terms equals 2, we can conclude the following three classes: a |00 +b |01 , a |00 +c |10 , and a |00 + d |11 , after considering local SIO operators allowed by each party. A similar method can be used when the number of product terms equals 3.
When the number of product terms equals 4, let |ψ 
PROOF OF COROLLARY 4
Proof. As discussed above, we find the following 4 operators
can transform |ψ a |00 + b |01 + c |10 + d |11 to |ψ ′ α(|00 + |01 + |10 ) + β |11 , where 0 < |β| < 1 and
> 0. Thus, the state |ψ a |00 + b |01 + c |10 + d |11 is SLICC equivalent to the state |ψ ′ α(|00 + |01 + |10 ) + β |11 via those operators above. Let σ ρ be the state that can be reached from ρ via free operations O.
On the other hand, let ρ be the state that can be reached from ρ σ via free operations
. Condition (B2) therefore holds. For Conditions (B3) and (B4), we can construct examples to show they do not hold (see Supplemental Material 8). In this section, we will first discuss the accessible coherence (Φ(ρ) ). Now, we will show that C O a (ρ) that do not satisfy condition (B4). A single-qubit state ρ can be represented as
For condition (B3), consider a general amplitude damping channel [24] with
, consider a general amplitude damping channel [24] with
. Let p 0.99 and γ 0.8, t z 0.4, we find that C O a (ρ) − n C a (ρ n ) −0.2123, thus the condition (B3) does not hold.
PROOF OF THEOREM 6
In this section, µ is chosen as a measure on the set of LIU equivalence classes. In the proof of Lemma 9, since the IC operators Alice and Bob used are full rank. Thus, the local IC operators are local SIO operators. Then, we have First, we will show the explicit formula of source coherence for pure states transforms via O ∈ {LSICC, LICC}. From Lemma 8, we can see the source set of |ψ is given by
Because any pure states in a LIU equivalence class can be seen as the vector λ(ψ), we can associate the set given in Eq. (S10) the following set of sorted vectors in R d :
where d denotes the Schmidt number of |ψ . The set given in Eq.(S11) is a convex polytope, and as shown in [28] , the source set Eq.(S11) is a simple polytope [29, 30] . The simple polytope of the set M O s (ψ) is the some as the polytope of the source set of entanglement as shown in [28] , thus the volume of
where π denotes an element of the permutation group Σ d of d elements and O ∈ {LSICC, LICC}. Note that for the incoherent state |ψ incoh , the vector λ(ψ incoh ) (1, 0, 0, ..., 0) can be obtained from any other states via O ∈ {LSICC, LICC}, and therefore its source volume is the maximum, i.e.,
. For a maximal correlated state |ψ + , the corresponding vector λ(ψ + )
is straightforward to see that the volume is V O s (|ψ + ) 0. Thus, the source coherence of a pure state |φ with sorted vector λ(φ) is given by
SOURCE COHERENCE FOR PURE STATES TRANSFORMS VIA IC AND SIO
In this section, we will discuss source coherence for pure states transforms via O ∈ {SIO, IC}. The method of this proof is similar to the proof of Theorem 6. Note that µ is chosen as a measure on the set of IU equivalence classes. From Lemma 8, the source set of |ψ is given by
Because any pure states in a IU equivalence class can be seen as the vector λ(∆(ψ)), we can associate the set given in Eq. (S14) the following sets of sorted vectors in R d :
where d denotes the rank of ∆(ψ); these sets are hence supported on states of the same dimensions as ∆(ψ). Then, the set given in Eqs. (S15) is also a simple polytope [28] . Thus the volume of
where π denotes an element of the permutation group Σ d of d elements and O ∈ {SIO, IC}. Note that for the incoherent state |ψ incoh , the vector λ(∆(ψ incoh )) (1, 0, 0, ..., 0) can be obtained from any other states via O ∈ {SIO, IC}, and therefore its source volume is the maximum, i.e., V 
where O ∈ {SIO, IC}.
EXAMPLES OF SOURCE AND ACCESSIBLE VOLUMES FOR LOW-DIMENSIONAL SYSTEMS
In this section, we will explicitly calculate the accessible coherence and the source coherence for low-dimensional states. For the single-qubit case, we refer interested readers to the Supplemental Material for the detailed calculation. Example [LICC and LSICC transformations of two-qubit pure states]
Let |ψ √ a |01 + √ b |10 , where a + b 1. We consider the state |ψ ′ √ a |00 + √ b |11 with Schmidt coefficients a and b. It is then straightforward to find that the accessible volume and source volume are
where x ≥ y and x, y ∈ {a, b} and O ∈ {LICC, LSICC}. Figure 1 shows this state transformation, thus the accessible coherence and source coherence are 
.
Since µ is chosen as measure on the IU equivalence class, we can consider the transform range on the x − z plane, which is a convex hexagon with six vertexes: (±z, ± r 2 x + r 2 y ), and (±1, 0) (More precisely, the IU equivalence classes of states are considered on the first quadrant, but we consider the x − z plane here, since the symmetry does not affect the ratio
The volume of accessible set V PIO a (ρ) is the square of these six vertexes:
Since 2|r z | r 
On the other hand, a single-qubit ρ 1 + s z s x + is y s x − is y 1 − s z via PIO should satisfy following equalities:
The volume of source set V PIO a (ρ) is:
where 
where Q 1 arcsin t − arcsin r We also have V Consider a two-qubit pure state |ψ √ x 0 |00 + √ x 1 |01 + √ x 2 |10 with x 0 + x 1 + x 2 1. As shown in Figure 4 , since every qutrit pure state can be represented as a point in the x − y plane, the accessible volume and source volume are
where x ≥ y ≥ z, x, y, z ∈ {x 0 , x 1 , x 2 } and O ∈ {SIO, IC}.
The accessible coherence and source coherence are 
